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ABSTRACT

Let E/F be a quadratic extension of number fields, G the group GL(3, E)
regarded as an algebraic group over F and U a quasi-split unitary group in
three variables. Let also § be a generic character of a maximal unipotent

subgroup N of G. We derive an explicit expression for the integral

/ / Keont (1, n)dub(n)dn

where Kcont is the continuous part of the kernel attached to a smooth
function of compact support on G(A). In particular, we prove that this
expression is absolutely convergent. The result can be used to show that
a cuspidal representation of G contains a vector ¢ such that f d(u)du # 0
if and only if it is a base change from a representation of GL(3, F).

1. Introduction

Let E/F be a quadratic extension of number fields. We denote by o or z — Z the
Galois conjugation and by z* the conjugate transpose of a matrix with entries
in E. Let G be the group GL(n, F) regarded as an algebraic group over E and
S C G(F) the variety of invertible Hermitian matrices:

(1) S ={s € G(E): s* = s}.
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The group G(E) operates on S by
(9,8) — g"sg.

If v is a finite place of E, we let R, be the ring of integers in E, and set K, =
GL(n, R,). If v is a real place, we let K, be the orthogonal group O(n,R); if v
is a complex place, we let K, be the unitary group U(n,C). We set K =[] K,.
The notation ||g|| has the usual meaning of a norm function on the group G(Ey).
We let

(2) G' = {g € G(E,): | det(g)] = 1}.

In general, we follow the notations of [A1l] and [A2].

Suppose that ® is a smooth function of compact support on S(Fy). We will

only consider the case of a decomposable function
3) (s) = [ 2u(s0),

where, for almost all finite places v, the function @, is the characteristic function,
of §, N K, if v is an inert place under the place u of E, and of 5, N (K,, x K,,) if
v splits into u;, uz. Note that @ is the restriction to S(Fj) of a smooth function
of compact support on G(E,). We set

(4) Kag)= 3. ®(g"€9).

§ES(F)

LEMMA 1.1: The sum (4) converges absolutely (and the resulting function is
invariant on the left under G(E)). Furthermore, there is ¢ > 0 and N > 0 such
that

|Ke(g)] < cllgl™.

Finally, there is a finite set T of F* and a finite subset X of S(F') such that

®(g*Eg) £ 0

implies det{ € TNg,r(E*) and £ belongs to the orbit under G(E) of some

element of X.

Proof: Since ® has compact support, for g in a compact set, the support of the
sum is finite. This proves the first assertion. We pass to the second assertion.
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Recall @ is the restriction of a smooth function of compact support f on the
group G(E,). It is well known that, for suitable ¢ and N,

S 1f @ )l < elll™.

YEG(E)

Since

Ka(g)l < Y 1f(g™v9)l

v€EG(E)
the conclusion follows.

For the third assertion, we remark that ®(g*£g) # 0 implies that there is a
finite set X of places such that for all v ¢ X the product det g,g, det £ is a unit
in E,. Thus detf is a norm at places not in X. Since the only invariant of
Hermitian matrices at a finite place is the class of the determinant modulo the
group of norms, the class of £ is uniquely determined at all places not in X and
our assertion follows. |

Our long term goal is to define the projection K¢ cusp Of a function K¢ on the
space of cusp-forms and to identify the projection space with the space of cusp
forms on GL(n, E) which are base change of cusp-forms on GL(n, F'). In more
detail, it is easily seen that if a cuspidal representation 7 contains a form ¢ whose
integral against a function K¢ is non-zero, then there exists a unitary group U
and a form ¢ in the space of 7 such that

(5) / B(u)du # 0.
U(F)\U(Fa)

We say then that 7 is distinguished with respect to U. The integral defines then a
non-zero linear form on the space of  which invariant under the group U(Fy). At
a place v of F which splits into v; and v, in E, the groups GL(n, E,,), GL(n, E,,)
are isomorphic to GL(n, F,,) and U, can be identified with the twisted diagonal
subgroup {(g,! ¢~ ')} in the product. Thus the existence of the linear form implies
that the representations g — m,,(g) and g — 7,,(!g™!) are contragredient to one
another, or, equivalently, that =, ~ m,,. If, on the contrary, v if finite and inert
in E under the place u of £ and , is unramified, then =, is invariant under
Galois conjugation. It follows that the representations g — n(g) and g — =(g)
are equivalent at almost all places and thus are equivalent. Hence m must be a
quadratic base change by [AC]. Our ultimate goal is to prove that conversely a
quadratic base change is distinguished with respect to some unitary group. Of
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course for n = 1, a distinguished representation is an idéle-class character which
is trivial on the group of elements of norm 1. Such a character is a quadratic
base change, that is, of the from z — x(zZ), where x is an idéle-class character of
F. The problem at hand takes its origin in the reference (HLR]. In particular the
above argument on the Galois invariance of a distinguished representation can
be found there. The dual case, where roughly speaking the role of the groups U
and GL(n, F') are exchanged, is discussed at length in [yF1].

In order to prove the conjecture, one must obtain an explicit expression for the
difference

KQ(g) - K@,cusp(g)'
Part of the difficulty is to establish that the final formula is absolutely

convergent.

For the time being n is arbitrary (however, for an even n we would have to
introduce the group of unitary similitudes). Our plan of attack is as follows.
We will fix a finite subset X of S(F) and consider only functions ® such that
®(g*ég) # 0 implies £ is in the orbit of some point of X under G(E). Let U
be the unitary group which fixes £ € X. Then there are compactly supported
functions fe,£ € X, on GL(n, Ea) such that

(6) ®(g"¢g) = fe(ug)du

/UE(F)\Us(FA)

and
®(s) =0,

if s is not in the orbit under G(E4) of a point of X. If we set, as usual,

(7) Kizy)= Y, f@'w)

vEGL(n,E)

then we see that

Ka(g) = Z/ Ky (u,g)du.

cex ¥ Ue(FNUe(Fa)

In fact, we will choose an idéle-class character w of E which is itself a quadratic

base change. We will set:

® Kool = [ wkelez= [ wa) 3 algogds

o€S(F)
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(9) K;o(z.y) / w(2) Y @y

Then

(10) Koul) =% [ Koo, 9)du.
€ Ue (F)\U (Fa)

Our next step will be to consider the spectral expansion of each kernel
Kfewxy ZKfexxy

the sum over all cuspidal data x. We recall that if P = MN is a parabolic
subgroup of G then we write M(E,) = ApM! where Ap is the split component
of M and M! the group of m € M(E,) such that |u(m)| = 1 for every rational
character p of M. Suppose 7 is a cuspidal automorphic representation of M.
Whenever convenient we will identify such a representation to a representation
of M(E,) trivial on Ap. Two triples (P, M, =) and (P, M’, 7’) are equivalent if
there is w € G(F) such that w conjugates M to M’ and transforms = into 7’. A
cuspidal datum is an equivalence class for this relation. At this point we would
like to set
(11) Koxe) =Y [ K felt, 9)d,

T JU(F)\Ue(Fa)
so as to have

Kou(9) =) Keox(9).

The cuspidal part of K¢, is then defined as the sum of the K¢ ,, where x is a
cuspidal representation of G*. If x is not a cuspidal representation of G!, then
one wants to obtain an explicit expression for K¢ (g) of roughly the following

form:
S5 [ S eue(n, f06,mEG 6w n
& P ¢

Here the second sum is over all standard parabolic subgroups P = M N for each
such P, dm denotes a measure supported by the representations of M (E,) whose
restriction to M* are in the discrete part of the spectrum determined by x. The
linear form

¢ — E(¢,7)

on the space of the representation Ip(w) induced by = is invariant under Ug.
Thus the representations induced by those representations = which support the
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measure dn should be invariant under the Galois group. The inner sum is over an
orthonormal basis of the induced representation and E(g, ¢, 7) is an Eisenstein
series.

In this paper, we will consider the case n = 3. Furthermore, we will let 8 be a
generic character of the maximal unipotent subgroup Ny of G and compute only
the difference

Ka(n)f(n)dn —

(12) K cusp(n)8(n)dn.

/ND(F)\NU(FA) /No(F>\No(FA>

Our aim will be to obtain for such an expression a formula of roughly the following

form:

(13) D / > E(Ip(m, f)$,7) / E(n, ¢, 7)0(n)dn dr.
£ P @

As before, we sum over all standard parabolic subgroups P = M N. For a given
£ and a given P, the integral is with respect to a certain measure on the set of
cuspidal automorphic representations 7 of M(E,). As before, ¢ — Z(¢,7) is a
certain linear form on the induced representation Ip(#) which is invariant under
Ug and the representations induced by those 7 which support the measure dm
are actually invariant under Galois conjugation. When P is of type (2,1) then
M ~ GL(2) x GL(1) and 7 = 7y ® 73 where m; and 73 are invariant under Galois
conjugation and thus quadratic base change. When P is of type (1,1,1) then
T = m ® 73 ® w3 and either each 7; is a quadratic base change or two of the
characters are exchanged by Galois conjugation and the third one is a quadratic
base change. Of course, the two cases are not exclusive of one another.

An important feature of this formula is its absolute convergence. The exact
nature of the linear form = is in a sense irrelevant. Nonetheless, it is worth noting
that in the case of a parabolic subgroup of type (2,1) the formula for the linear
form Z is based on the fact that the inducing representation 7 is distinguished for
some form of the unitary group; even if we restrict our attention to the case where
Ug is quasi-split, all unitary subgroups of the group GL(2) appear implicitly in
the formula for E.

Together with the ongoing work of Ye, the above formula will be enough to
establish the conjecture for n = 3 (under some restrictions on the quadratic ex-
tension). See [JY] and [Y]. The case n = 2 was treated in [Y1], mainly from
a formal point of view, in the sense that some of the analysis was insufficient.
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The techniques of the present paper can be used to make the discussion rigor-
ous. Similarly in [J1], [J2], it was implicitly assumed that the ground field was
@Q and the extension F an imaginary extension of Q. The difficulty was there
are infinitely many idele-class characters which are unramified at all places; this
introduces infinite sums, the convergence of which has to be established. The
estimates sketched in the third section can be used to make the discussion com-
plete. We hope the present paper does not contain essential errors. Since the
general case is very difficult and would entail the use of more elaborate technics
as in the work of Arthur, we feel it is reasonable to limit the scope of this paper

to the case n = 3.

A similar analysis is attempted in [yF2] and [yF3] for different, more elaborate,
situations. The reference [yF2] treats the “dual case” in the context of GL(n).
While the paper is suggestive, it contains a very large number of serious errors
and omissions. The reference [yF3] is also flawed to a substantial extent.

The material is arranged as follows. We review some properties of the trunca-
tion operator in Section 2. In particular, we explain how the truncation operator
is used to prove the formula above. In Section 3, we show that the Eisenstein
series induced from the parabolic subgroup of type (1,1,1) can be majorized on
the “imaginary plane.” The result, Proposition 3.5, can be taken for granted
at first reading. The proof uses standard techniques. Section 4 is an auxiliary
Section where we estimate two infinite sums (Lemma 4.1 and 4.2). Again the
result, which is elementary anyway, can be taken for granted at first reading.
The result is used in Section 5: we study Arthur’s second formula for the trun-
cation of an Eisenstein series (induced from cusp forms). Replacing each term
by its absolute value, we obtain a series of positive terms, in a suitable domain;
we estimate the series of positive terms (Proposition 5.1) and show that it is
integrable over the quasi-split unitary group. The crucial section is Section 6: we
consider Arthur’s second formula for a truncated Eisenstein series induced from
a parabolic P and compute the integral of the truncated Eisenstein series over
the quasi-split unitary group U. The integral can be written as a sum of terms,
indexed by the double cosets of U\G/Q, where Q is any associate of P. Because
of the cuspidality of the datum, only certain double cosets can contribute a non-
zero term. The computations in this Section are purely formal in case n > 3,
but in case n = 3, they are justified by the estimates of Section 5. See the con-

cluding remark of Section 6 for attributions. Finally, formulas for the integral
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of a truncated Eisenstein series are obtained in Section 7. They are really the
core of this paper. The most difficult case is the case of the minimal parabolic
subgroup. The relevant formula is obtained in Proposition 7.3. The formula is
reminiscent of Arthur-Langlands formula for the scalar product of two truncated
Eisenstein series. Finally formula (13) is obtained in Section 8. A subtle feature
of this formula is the cancellation of the singularities. The linear form Z(., 7) is
a meromorphic function of 7; it may have a pole on a line which intersects the
range of integration. However the Eisenstein series has a zero on such a line and
the product which appears in (13) is actually holomorphic on the range of inte-
gration. A similar cancellation appears in the work of Ye ([Y1]) and reappears
in the references [yF]. Also, we prove the formula only when X is reduced to one
point £ such that the group U is quasi-split and the corresponding function f¢
is a convolution product of two K-finite functions and for one specific quasi-split

unijtary group. This will suffice for the application we have in mind.

2. A review of truncation

For simplicity we fix £ € S(F') so that X = {{}; we assume the group U = U
is quasi-split. We also fix the character w; we assume it is a base change and, as
usual, we assume that it is trivial on the split component of GL(1). We write f
for f;. We assume that f is K-finite. We write K¢ for Ky, Instead of K¢ we
simply consider

/ Ko(u, g)du.
U(F)\U(Fa)

For the convenience of the reader, we extract some simple facts from the work of
Arthur. We follow his notations (A trace formula for reductive groups I and II,
[A1], [A2]).

PROPOSITION 2.1: Suppose Qp is a compact set of G'. Then, if T is sufficiently
regular, for all x € Qo and all y in G(E,):

K(;(:L‘,y) = Ag‘KG(l',y),

where A%"K c(z,y) denotes truncation with respect to the second variable; simi-

larly,
KG,x(m, y) = Ach,x($, y),
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for all x € Q, ally € G(E,) and all cuspidal data x. Furthermore, given a Siegel
set & in G' and an integer N, there is a ¢ such that forx € Qy and y € &,

> 1Ky ()] < ellyll .

Proof: Recall the definition of the truncation operator:

AT9(p) = S (-1AD S ap(H(sw) - T) [ B(nby)dn.
P P(ENG(E) N(F)\N(A)
Thus
A’{Kg(.'l', y) =
Z(——l)dim(A/z) Z 7p(H(8y) — T)/ Kg(z,néy)dn.
P S€P(E)\G(E) N(FN\N(4)
Now

[Ke@myan= 3 Kptr.n)

YEP(ENG(E)

Next, if Kp(yx, my) # 0 for some m € M?, then we have
nmy € yxfd.

for some n € N(Ey); here Q2 is a fixed compact set of G, depending only on the
support of f. It follows that there is Ty such that

*p(H(yz) - H(y) — To) = 1.

The parameter Ty depend only on the support of f ([A2], p. 101). Thus we see
that given (z,y)
Kg(xz,nmy)dn =0,

for all m € M, unless there is v € G(F) such that
7p(H(yz) — H(y) - To) = 1.

By Lemma 2.3 of [A2], the same assertion is true for each kernel K.
Now let us look at the truncation and the term corresponding to P for the
kernel K¢ (or one of the kernels K, ). Fix z in the compact set £p and y in G1;

suppose that
> #p(H(by) - T) / Ka(z,néy)dn # 0.
é



10 H. JACQUET Isr. J. Math.

Recall the sum is actually finite. Thus there is § such that
(14) #p(H(6y) ~ T) = 1
and

/K(:c,néy)dn £ 0.
The second relation, in turn, implies that

tp(H(yz) - H(by) — To) = 1.
Now ([A1] p. 936) there is a ¢ such that, for all w € Ap C Ag:
w(H(yz)) < ¢(1 + log lz]]).
Since x is in the compact set €2y, we see that
w(H(vz) < a1

for some constant ¢;. It follows that
(15) w(H(6y)) < e1 — w(To).

If T is sufficiently large, the conditions (14) and (15) on H(§y) are not compatible.
Hence, the term corresponding to P # G is 0, if T is sufficiently regular. The
first assertion of the proposition follows.

To continue, we recall the explicit expression for K,:
(16) Ky(og)=Sonlan) " [ Y BlaIe(r, )¢) B d)ir.
P IEM) 4eBp (n)

Given X and Y in the enveloping algebra at infinity, we have also a majorization
of

Y n(4p)! / S R(X)R(V)E( Ip(r, £)9). E(y, &) dr
X P (M) | peBp(m)y

by
(17) X % F# Y|l - Nl ™ -yl e,

where ||.||r, is a certain semi-norm and Ny an appropriate integer. Thus given

Y, we have a fortiori a majorization

ST IRV K@, 9)| < NIF % Yle, - 1zl - [l ™.
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This implies that we can truncate the series K¢ = ), K, term-wise in the
second variable:

A2KG$?/) ZAz (z,y)-
X
We have also, for each integer IV, a majorization:

09 L P a4 / | 2 BT 1)) KB 9) dr

dEBp(m)x
< cflzf|™ellyl =V,

valid for all z € G! and all y in a Siegel set. A fortiori, we obtain an estimate:

S IAT K ()| < ellzl™ - iyl =N

X

for all x and all ¥ in a Siegel set. If we take x in a compact set and use the first
part of the proposition, we obtain the second part of the proposition. |

Exchanging the role of the two variables, we see that for y in a compact set, we
can integrate the series Kg = > K, with respect to the first variable to obtain:

PROPOSITION 2.2:

/ Kg(u,y)du = Z/Kx(u,y)du
U(F)\U(A) x

Moreover, if y is in a compact set, there is C > 0 such that

/|Kc(u,y)|du§ C, E/IKX(u,yﬂduS C.

We also remark that if we set

Keusp(z,y) = ZK (z,v)

where the sum is over all cuspidal automorphic representations of G!, then

/Kcusp(u, z)du

may be viewed as the cuspidal component of

x> /Kg(u,a:)du,

in the following sense:
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PROPOSITION 2.3: If ¢ is any cusp form, then

/Kg(u, z)o(x)dzdu = /Kcusp(u, z)¢{z)dzdu.

Proof: Indeed, for fixed u, it follows from the majorization of the Proposition

2.2 that
/Kg(u,z)¢(x)dx = Z/Kx(u,x)¢(x)dx
X
For a given Y, the integral is 0 unless y is a cuspidal representation of G'. Thus

/Kc(u, z)¢(z)dx = /Kcusp(u,x)qb(:c)dx.

for any u. Thus it suffices to show that the double integrals of K¢ and Kcuep
converge absolutely. This is clear for K.,sp because it is bounded. For Kg this

will follow from the following assertion:

PROPOSITION 2.4: There is ¢ > 0 and N such that for x € G!

[1Ketusldu < el | [ Katwz)au| < e

Proof: The second assertion follows from the first. We prove the first assertion.
There is a function of compact support ® on S(A) such that

J ottt = [ fusgduaias

Thus

/|Kguzdu[</ Z (x*2Zox)|d™ 2.

oc€S(F)
Let ¢ be a smooth function of compact support on G whose restriction to S is
®. As is well known

5 / 161z ezyy)d 2 < cllylN.
YEG(F)

This implies a fortiori our assertion. |

Let 17 be an additive character of Fj, non-trivial but trivial on F. We set as

usual
Ye(2) = ¢Yr(z +7)
and define a character # of the unipotent radical Ny of Py by

(19) f(n) = vE (Z ni,i+1) .
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QOur goal is to compute the integral

/ Kg(u,n)8(n)dudn.
U(FN\U(Fa)x No(E)\No(Ex)

It follows from Proposition 2.2 that we can integrate term-wise to obtain

/Kc(u n)fdudn = Z/K u,n)8(n)dudn.

Now for z in a Siegel set and any N, we have a majorization
@) S onn [ | Y ATE@ Il 1)6). B0
x P s (M) PEBp(7m)y
< cfllI=.flyll™

for suitable ¢, N;. It follows from Proposition 2.3 that if T is sufficiently regular
then for any x

(21) /K u,n)8(n)dndu

- };n(Ap)— /n

Now the integral [ E(n, ¢)f(n)dn factors through an integral

/ ATE(u, I(p(m, f)$))du / E(n, ¢)8(n)dndr.

e ¢ezs (™)

/ @#(n1)0(ny)dn,.
N(FYNM(F)\N(FA)NM(Fa)

The intersection NN M is a maximal unipotent subgroup in M and the restriction
of  to NN M is a generic character of that group. The restriction of 7 to M1 is
in the discrete spectrum of M and this integral is zero unless the representation
is cuspidal, because the residual spectrum is degenerate ([MW]), that is, has no
Whittaker model; equivalently, the triple (P, M, n|M?!) is in the class of x. We
set then

(22) W(g,m) = / E(n, $)8(n)dn
No(E)\No(E\)

Thus we have proved that:

PROPOSITION 2.5:

/Kg(u n)é(n)dudn = /K (u, n)8(n)dudn.
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If T is sufficiently regular, for all x,

/ K, (u,n)8(n)dndu

([ A7Bw Hotr, o) - WG 7Y o

= Z Tl(A P)—l / Z

P (P,M,m|M*)ex $EBR(n)y
Our task will be to obtain an explicit expression for the right hand side by letting
T tend to infinity. We stress the absolute convergence of the above expression.
More precisely, the following sum is finite:

2.2 4
x P

e | (/a7 Bt Kot py0))au) - W57 .
(PMIMYEX |geBp(m)y
In what follows, we will use the following notations. We consider a standard
parabolic subgroup P = M N in GL(3). The Lie-algebra of Ap is denoted by
ap. In particular, if P = G then M is the center Z of the group G. We have a

canonical splitting:
ap = a,zp Daz.

When no confusion is possible we simply write a for a,Z;. We consider an au-

tomorphic cuspidal representation 7 of M! which we regard as an automorphic
representation of M(E,) trivial on Ap. We assume that the central character of
w coincides with w on the center of G. Suppose that { is a complex valued linear
form on a, that is, an element of ay. Then we denote by 7 the representation
of M(E,) defined by

me(m) = m(my)eOHD)

where m = m'a with m' € M',a € Ap and H(m) is the logarithm of a. Let H},
be the space of smooth K-finite functions ¢ on G(E,) such that

¢(nam'k) = p(m'k)

and the function m! — ¢(mlk) belongs to the space of the automorphic repre-
sentation m. We recall that because of the multiplicity one theorem, the space
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is uniquely determined by the class of 7. For ¢ € H} we define the Eisenstein
series by analytic continuation of the series:

E(g,¢m)= Y ¢(yg)elcterHOa,
YEP(ENG(E)
If Q is a standard parabolic subgroup associate to P we denote by Q(ap,ag)
the Weyl set. If s is in Q(ap,ag) and w, is a representative, we define the

intertwining operator by

M(s, 7r()(;5(:,3)6(8C+pq,H(a:))

/ 6 (wo ng)elsCHom Hwr na) gy
N (Ea)Nw,Np(Ex)w; '\Nq(Ea)

Often we write M (s, () for M (s, m;). The space H% is provided with the scalar
product

(61,02) = / 1 (mY8) B3 (s k) .,
M(E)Z\M!'xK

In the previous formula for instance, for a given y, we sum over all 7 such that
(P, M, ) belongs to x and then we integrate over ia* for an Euclidean measure
d|z|. We also sum over an orthonormal basis Bp(7) of H3:

wan S [T ([ ATEw ot o) T
ia* #€Bp(r)
It will be useful to keep in mind the following elementary lemma:
LEMMA 2.1: Let I1 be a unitary representation of G(Ea) on a Hilbert space H.

Let H° be the space of K-finite vectors. Assume that each K-type has finite
multiplicity. Let p and v be two linear forms.on H®. Consider the expression

Y MI(f)d)u(4)
[

where the sum is over an orthonormal basis of H® and f is a smooth K-finite
function of compact support. Then the sum does not depend on the choice of the
orthonormal basis. Moreover, if f = f, * f5 where f, and f, are smooth K-finite
functions of compact support, and f3(g) = f_g(ng) then

ZA(H(f)as Yul(d) = }_“,A $)u(TI(f2)¢)

The proof is elementary. |
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3. Estimates for Eisensteiln series

We will use estimates for Eisenstein series induced from the minimal parabolic
subgroup of GL(3) (or GL(n)) on the imaginary plane (or hyperplane). We recall
that in general such estimates are not available. The existence of these estimates
in the case at hand is a consequence of the fact that we can find zero-free regions
for the relevant L-functions.

We fix some notations. Let F be a number field, G,, its multiplicative group,
regarded as an algebraic group. Thus G}, is the group of idéles of norm 1. We
let A,, be the split component of G,,. This is the group of ideles z such that
2, = 1 for v finite, z, = a > 0 for v infinite, where a does not depend on v. Thus
A, is isomorphic to the group Rt. We write in the usual way G,,(Ea) = E[ as
the product of G2, and A,,.

We let II be the group of idéle-class characters of module 1 trivial on A,,. Let
U, be the maximal compact subgroup of EX and U the product of the groups
U,. We will denote by Il the group of characters x € II which are trivial on U.
Let v;, 0 < ¢ < r, be the infinite places. For x € IIg we have

X(ZU'.) = lzvi 32

The imaginary numbers s; lie in the hyperplane
z n;8; = 0,

where n; is the degree of F,, on R. They form a lattice, that is, a discrete
subgroup of rank r — 1 in this hyperplane.
In what follows Co(x) will denote a function on I of the form

(24) Co(x) = cH(l + 55)™

with ¢ > 0, m; > 0. We will introduce furthermore functions on II of the
following form. The functions depend only on the restriction of the character to

the subgroup
E*-EX [ U,
v

which has finite index in the idéle group. We choose a set of representative for
II/T,. For each such representative xo, we choose a function Cy, of type (24)
on IT; and then set

(25) C(x) = Cxo(xx5")
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if x has the same restriction as xo to U. Note that there is no uniformity in our
choice of Cy,.

We will also consider integers valued functions m(x) with the property that
the function depends only on the restriction of x to U.

PROPOSITION 3.1: There are functions C;(x), i = 1,2 and m;(x), ¢ = 1,2 of the
above types such that for

s=o+it, |o| <Ci(x)THA 4120,

we have
‘ L(s, x)
L{s+1,x)

Moreover, every derivative of the above ratio verifies a similar majorization, with

] < Ca)(1+ ).

possibly different functions.

SKETCH OF PROOF. The last assertion follows from the first and the integral
representation of a derivative via Cauchy formula. We begin the proof of the first
assertion. We set

LOO('S)X)z H L(saXv)'

v finite
Given a vertical strip of finite width, there are functions C(x) and m(x) such
that for all y, on the strip

L2, )1 £ COO(L + 53)™).

Indeed, if Rs is sufficiently large, then the product is absolutely convergent hence
bounded in a vertical strip. To find estimates for small s we use the functional
equation and the Phragmen-Lindel6ff principle. Using Cauchy formula, we find
similar estimates for the derivatives of L*(s, x) on a vertical strip. Next, we use

the standard trigonometric identity to prove that
| (s, 1)L (s, x)* L™(s, x*)| > 1

for Rs > 0. This inequality, together with the upper estimates for the derivatives
can be used to find (coarse) zero-free regions and lower estimates of the following
form: for

(26) s=o+it, |o—1]<C(x) 11+ 2) ™k

one has
(27) IL=(s,x)| > Ca(x)™H(1 + 7)™ (0,
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Of course, the case of a quadratic character must be treated separately; however,
there are only finitely many such characters with a given restriction to U and
much better estimates are known for characters of finite order. Finally, to prove
the proposition one uses Stirling formula to majorize the ratio of the factors at
infinity in the proposition. For more details, see for instance [L], p. 313 and
p. 334. N

To explain our notations, we remark the following: suppose f is a smooth
function of compact support on the idéle group which is the product, over all
places, of U,-finite functions. Then, for C{x) and m(x) of the above type we
have:

3 A+ ssmw < +oo.

x€ll
Indeed, by hypothesis, the integral is zero unless the restriction of x to U takes on

[ rox@iapa:
EA

finitely many possible values. Thus the assertion follows from abelian harmonic
analysis.

To continue, we consider an n-tuple of characters x = (x1,x2,---,Xn), €ach
trivial on A,,. We set w = J]x:- Let Po = MoNy be the group of upper
triangular matrices, My being the group of diagonal matrices. We let A be the
split component of My. Then x defines a character of M¢}. If 7 is any permutation
of x then we consider the space H3(w) of K-finite functions ¢ on G(F,) such
that
(28) p(namk) = ¢(k)m(m)
forn € No(Ea), k € K,a € A, and m € M}. If { is in af we define the Eisenstein
series by analytic continuation of the series
(29) E(z,¢,n)= ),  ¢(6z)err0),

5€Py(F)\G(F)
Often we drop = from the notation if this does not create confusion. We also
denote by Io(7¢) the representation of G(E,) induced by (7¢).

Note that the restriction of this representation to K depends only on the
restriction of the characters y; to U. It space can be viewed as a subspace of
L%(K). We have the intertwining operators M (s, m¢) for s € Q(a). They have no
singularity on ia*.

We introduce functions of the form

(30) C(x) = [ Cila-x; D [] Cils)
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and integers m;(x) depending only on the restriction of the characters x; to U.
We fix a K-type 6, that is, a finite set of classes of irreducible representations
of K. We denote by||M(s,n¢)|le the norm of the intertwining operator in the
6-component of Ip(m¢). Note that this space is 0 unless the restriction of the
characters x; to U belong to a finite set depending on 6.

PROPOSITION 3.2: There are functions Ci(x),i = 1,2, and m;{x),i = 1,2, with
the following property: let Q0 be the open set defined by
(31) IRV (¢)] < C1(x)71(1 + ImaV(¢)?) ™),

for all « € Ag. Then for { € Q we have

M (s, m¢)llo < Ca(x)(1 + IC)I)m200.

Proof: We write M as the product of the normalized intertwining operator and
the factor

[T 2@ Qs xax;H/L(@¥(¢) + 1 xax5 -
The product is over all roots & > 0 such that wa < 0 and (Z,5),7 < j, is the pair
of integers corresponding to a. The normalized intertwining operator is easily
majorized. The ratio of L-factors is majorized by the previous proposition. Our

assertion follows. |

As before, we obtain similar estimates for any derivative of the intertwining

operator.

ProPoOSITION 3.3: Fix a K-type §. Then there exists C;(x) and m;{x) with the
following property: consider the open set Q defined by (31); then for { in § and

¢ in the 6-component of the induced representation
(32) /|ATE(x,¢, 7r<)|2dm

< lIgl?(1 + log(|T||))™=Xems LT, (x) (1 + || ]|7)™ ).
Proof: This follows from the scalar product formula ([A3]) and the estimates of

the intertwining operator and its derivatives. |

PROPOSITION 3.4: Let f be a smooth function of compact support on G(Ey)
which is K-finite. Then there are functions C;(x) and m;(x) such that on the
open set ) defined by (31) we have for all z € G!

(33) 1B, Iolme, N w0l < I C20)(1 + ICI2)m™0 ] me00.
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Proof: From [Al], page 936, we recall there is a constant ¢ such that for any
w € Ag and v € G(E) we have

w(H(yz)) < e(1 + log||z{).
In particular, suppose £ is a compact set of G1. Then if T is so chosen that
w(T) 2 c(1 + log [])
for all w and all z € Qg, we have
ATo(z) = ¢(z)
for all functions ¢ and all x € . Choose T; sufficiently regular such that
w(Th) > ¢
forallw e Ao and let ¢y be its norm. Let us set
T = Ty sup(1 + log ||z||).
Qo
Then T satisfies the above condition. Moreover
IT| = ca Sg(?(l + log |z]).

Let Q5 be the support of f and §; be a compact subset of G'. Let us apply the
previous construction to the compact set Qg = Q;5. With the above T we have
now
IT]| < es sgp(l + log |]])
1

and
(34) / ATE(zy, ¢,7¢) f(y)dy = / E(zy, ¢, ¢) f(y)dy = E(z, lo(m¢, [, m¢)
for all x € £2;. Set

Ko = [ 5 fa e

YEG(E)

Then the first integral in (34) is also

(35) /ATE(y, ¢, m) Ky (x,y)dy.
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Since
|K¢(z,y)| < cljxlV

we find this is bounded by a constant, times a power of ||z(|, times the L? norm
of the truncated Eisenstein series. Taking in account the previous proposition

and the upper estimate for the norm of T, we see that we obtain a majorization
of (34) by

CON+ K1) ™ X lI(1 + sup log fj]|)™>X) sup |jz{| ™0,

where the supremun is over the compact set Q; > z. Let 23 be a compact
neighborhood of the origin in G*. Fix zp € G' and consider the compact set
11 = xof23. Then the supremun of ||z|| over Q; is bounded by a constant times
|zol|. Applying the above majorization for zo and §2; we obtain our result. |

Finally, we obtain the required majorization:

PROPOSITION 3.5: Let f be a smooth function of compact support which is also
K-finite. Let D be a differential operator with constant coefficients on a. Then
there are functions C(x) and m;(x) such that if = is a permutation of x, then,
for all ¢, and all € ia*:

(36) IDE(z, Io(m¢, f)é, )| < CON(L+ [ISI2)™ X ][00 ).

4. Estimates for an infinite series

In order to compute formally the integral of a truncated Eisenstein series over
the unitary group, we will need to replace the terms in Arthur’s second formula
for the truncation by their absolute value and show that the result is integrable
over the unitary group. In this section, we estimate an infinite series. The result
will be used in the next section to majorize the series of absolute values.

We let F' be a number field; we fix a constant Cy > 0 and we consider the
following series:

(37) Yo lenasts, ..., ana)l 0,

£2.83,....{n€EF

where ay, ay, ..., @, are in the split component of G,, = GL(1) and

lai| > Clay], forall j > 2;
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the sum is restricted by the condition

(38) ”(alaa2£2a-'-aan€n)” Z R.

We recall that the split component of GL(1) is the set of ideles z such that z, = 1
for v finite and z, = a, for v infinite, where a > 0 does not depend on v. For a

primitive vector z we denote by ||z]| the product

111,

where
||'TU” = qu |$v,i|v
1
if v is finite,

Izl = T4

if v 1s real and
|zoll = > @y,
i
if v is complex.

LEMMA 4.1: The previous sum converges for s > n and is then bounded by
C(s)|aras---an|™*

where the constant C(s) > 0 is a locally bounded function of s, which depends
on R and Cy. For F = Q we can take C(s) = C1(s)R"™* where Cy(s) does not
depend on R.

Proof: 1t suffices to prove the result when F = Q. Indeed, if F has degree m
over Q we choose a basis 7, 1 < j < m, of F over Q. For convenience, we may
assume 77 = 1. Then every §; has coordinate ({f ). Thus the vector

z = (a1,a282, ..., nén)
in F determines a vector
y = (a1,0,0,...,0,a261, ag2 as€y antl, a, €2 an€’)
1Yy e o3 U3 0269, G269, < -+ 58262 5 - - -3 8nGpy UnGpHy -+ - GnGy

in A™". Furthermore
allyll < llzlf < ealiyll™,
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for suitable constants ¢1,¢s. Ignoring the constants, we see that the original sum

Yo llyll™

where the sum is restricted by the condition that

is bounded by

lyll > RV™.
In turn, this is majorized by the sum of all terms of the form

1 1 2 -
“(alaGICI,GICZa teey alCm’O’?g?’a?é%’ . '70’265”7 te '7an£n7an€n’ s 7an£rrzn)” S’

such that the norm is > R'/™. Applying the result over Q we find our result.
Thus we may assume F = Q. By homogeneity, we may assume a; = 1. Let

2 be a relatively compact neighborhood of 0 of A such that @ N Q = 0. Since

la;| < C~! the sets a;§) are relatively compact. Let g be the n x n matrix with

unit diagonal, first row
(17 a2z, ..., anwn)y
the other entries being 0. Then ¢ remains in a compact subset. Now

(Ia (1252, ey a"ng'n)g = (la (l2(£2 + w?)) DR aﬂ(f’n + wn))'

It follows that the ratio of the norms of the vectors

(1, az(&e +ws),. .-, an(&n + wn))

and
(11 (1252, ey angn)
remains in a compact set of R*. Our series is thus bounded by a constant times

the integral

M0 aa(Ea + ). an(+ ) @

where the integral is over the set of vectors such that

(1, a2(€2 + w2), .-, an(§n + wa))l 2 1R

The constant ¢; depends only on €. In turn, this integral is less than the corre-
sponding integral over A"~!. Thus we are reduced to the problem of estimating
the integral

(39) / (L, sz, ... anza)|~* @ dz,
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taken over the set of vectors such that

I(1,az2z2,...,anzy,)|| > R.
We have to see that the integral is bounded by

C(s)R"*|azaz---a.|™".

After a change of variables, we see that we may assume a; = 1.

We see that our integral takes the form

(40) / (1, 2)]~*de.
HLeMI2R

We write 2 = x,,2°° where £*° the product of the z, for v finite. The integral

can be written as

J1z70as [0, 0) e
where the inner integral is for
11, 200) I 2 RII(L, %))
The domain of integration is contained in the union of the two following sets:

(41) 1L, ze0)ll 2 RI(L 27 I(1,2%)] < R/2,

(42) (2, 2%)]| > R/2.

Thus we majorize our integral by the sum of the integrals over these two sets. Let
us consider the second integral. The integral is now the product of an integral at

infinity and an integral over the finite adeles. The integral at infinity converges,

so we are left with the task of estimating an integral of the form
(43) / ),
l(L,z>){I>R

It can be computed as

H 1+ Z p{n=1=3)ip (1 — p=nt1) | |

P Jp21

where in the expansion of the product we keep only the terms such that

17" >R
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We obtain a larger expression by ignoring the factor 1 — p~"*!. Thus we have
majorized the integral over (42) by the product of a bounded function of s and

Z mn—l—s.
meN, m>R

In turn this is less that C(s)R"~*, where C(s) does not depend on R and is
locally bounded.

We now majorize similarly the integral over (41). We first integrate the
component at infinity. Using polar coordinates we obtain

/r"‘2(1 + 727 2y

with

r > RI|(1,2*)[ 7' v/1 = [I(1,z0)[[2R-2.
Recall we are taking
R|(1,z)7! > 2.

Thus the square root is bounded below by a positive constant ¢ and we obtain a
larger integral by integrating over

r > Rell(1,2%)]| 7

Furthermore, the integrand is bounded by »®~27°. Thus the integral at infinity
is bounded by a locally bounded function C(s) times

Rn—l~s||(1’ xoo)'ls+l—n'

Thus we are left with the task of estimating the integral

[,z -rdz=

taken over ||(1,z%)|| < R/2. As before this is bounded by

> i

m<R/2
which, in turn, is bounded by a constant times R and we are done. |

We will also consider sums of the form

(44) 3 ey, 026, anta)IY

£27£3!"')€ﬂ-€p
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where a1, as,...,a, are in the split component of GL(1) and |a;| > Cpla;| and
the sum is restricted by the condition

(45) ”(ala (1262, R an&n)“ S R.

LEMMA 4.2: For s > 0, the sum is bounded by C(s)|aiaz---a,|™!, where C(s)
is a locally bounded function.

Proof:  We apply the same reduction. We find we may assume F' = Q. Then we

need to majorize the integral

/ (L 2)|*dz
[[(1,z)I<R

by C(s)R™**. The integrand being bounded by R®, it suffices to show that the
volume of the compact set [[(1,z}]| < R is bounded by a constant times R™. Thus

/dww/dxco

(1, zeo)lF < BRI, 217, 1I(1,2%)] < B.

we have to majorize the integral

taken over the set

We can use polar coordinates to evaluate the integral at infinity. We obtain a

larger domain of integration by integrating over
r < R|(L,z*)7

We obtain a majorization of the integral by
R*H|(1, 2*)|It ™

Finally, we have to estimate

Rn-—l/ ' |l(1,x°°)”_n+1da:.

1L,z=)I<R

As before it is bounded by a constant times R" and we are done. |
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5. Majorization of the truncated Eisenstein series

We now consider the group G = GL(3). We write Py = MyNy for the parabolic
subgroup of type (1,1,1). Here Mj is the group of diagonal matrices, Ay =
{a1, a2} is the set of simple roots and Ag = {w1,wq} the set of fundamental
weights. In particular, if we denote by e; the canonical basis of the space of row

vectors, we have
(46) e @) = |legg|| ™!, el H6D) = Jlesg A eagl| ™.

We let Ag be the split component of My. The simple reflections are noted s; and
s3. We set sg = 515251. Thus the Weyl group is given by

Qag) = {e, 51, 52, 5152, 5251, S0} -
Let f(g,¢) be the function on G(Fy) x a* defined by

f(g,¢) = exp (H(g),{ + po) -

We fix integers m; > 0 and ms > 0 sufficiently large and then for all T sufficiently

regular we define a function fr(g, () in the following way: if, for ¢ = 1,2, we have

(47) (H(g),w:) < (T,w;) and (¢, ) > my (po, ),
or
(48) (H(g)awi) > (Tv wi) and. (C’a:/) < —m2 (pO,a‘Y)a

then fr(g,¢) = f(g,(); otherwise fr(g,¢) =0.

LEMMA 5.1: On a Siegel set the series

Z fT(gg’s)

LEPy (FI\G(F)

is bounded by a constant multiple of
elH(g)w1) o o(H(g)w2)

Proof: We first remark that if Q is a compact set there is ¢ and T7 such that
T — T is in a compact set and

fr(gw,s) < cfri(9,9)
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for all g and all w € . Thus, it suffices to find a majorization of the series on

matrices in Ag of the form
a = diag(ay, a2, a3)

with

lai] > cilag| > calas| , |aragas| =1,

for some constants ¢y, co. We set T; = w;(T) and §; = w;(().

We use the Bruhat decomposition to write down the contribution of each coset
sNy to the series. The contribution of e is trivially bounded by a constant. For
simplicity, we write the contribution of s1, $2s1, S9. The other terms are treated

similarly. For so we find

Z (a1, az€2, as&s)l| =27 |(a1a2, a1a3é1, azasés)[| =7,

where £5+&3 = £1§2. The sum is restricted by the following condition: if (2 > m;

T2. 3 ¢ < —my we

then we demand that the norm of the first vector be > e~
demand that the norm of the first vector be < e~ T2; if —my < { < my the
sum is empty; similarly for the second vector. We can majorize this sum by the
same sum but with £3 independent of the other variables. This new sum is now

a product

D lla1, a2€,a3€a)1 727" x D ll(araz, azasés, azasy)|| =47
£2,83 &1.,€5

Each sum is restricted by the same condition as before. If we take m; > 2 it
follows from the basic lemma that each sum is bounded above by a constant (for
¢ in a compact set).

We pass to the contribution of the element s2s;. It can be written as
3 (a1, aztz, as6s)l| =" I(asas, azas€2)| .
621£3

The sum is restricted by conditions similar to the previous one. Again this sum
is majorized by the product of two independent sums:

Z (a1, az€2, aséa)l 77 x z (a1a3, aza3&s)l| =477,

£2,61 &3
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where each sum is restricted by the same kind of conditions. The first sum is
simply bounded above by a constant (for { in a compact set). The second sum
is bounded by a constant multiple of

las| ™" = |ayas| = exp (H(a),ws) -
Finally the contribution of s, is written as

> llasl| =7 [|(axas, azas€)|| 7.
3

The sum is restricted by the same condition as before. Thus the first factor is
bounded above and the second factor is again bounded by

las| ™ = |aras| = exp (H(a),w2).
This concludes the proof. |

Finally, we consider a parabolic subgroup P of type (2,1) or (1,2). Thus
Ap = {a}, Ap = {w}. For ¢ € a} we define

(49) f(9,¢) = exp (H(g),{ + pp).

If T is suitably regular, we define a new function fr by demanding that it be
zero, unless the following condition is satisfied, in which case it is equal to f(g, A):

(50) (¢, H(9))<(¢,T) and (¢, @) >mi(pp,a”)
or
(51) (¢ H(@)<((T) and (( @) < -mafpp,a).
LEMMA 5.2: For g in a Siegel set the series
> fr(v9:0)
P(F\G(F)

is bounded by a constant multiple of

H@w1) | o(H(g)wa),

The proof is similar (but simpler). |

We consider now a standard parabolic subgroup Py = M1 N; in GL(3) and an
Eisenstein series induced from cusp forms belonging to a cuspidal representation
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7y of M. It is noted E(x,¢,{). We consider the truncation of this Eisenstein
series and Arthur’s second formula for the truncation:

(52) ATE(z,6,()

=y > > e(sCr)a(sCr, H(67) — T))

Py 6€P(ENG(E) s€9(ar,a.)
-exp (s¢ + p2)(H (6z)) (M (s, )$(éz)).

To insure convergence, the real part (g of ( is assumed to satisfy
Cr(aY) > pi(aV),

for all @ € A;. We recall that es = £1, that H — ¢2(s(g, H) is the characteristic
function of a certain subset of a; and M(s, () is the intertwining operator. The
relevant information about €; and ¢ is recalled below. We now consider the

series obtained by replacing each term by its absolute value:

(53) X ¥ > a(sCr, H(bz) - T)

P, 5€P(E)\G(E) s€f¥(a,,a;)

lexp (s + p2)(Ho(67)) (M (s, ()¢(62))] -

We will call this series of positive terms the dominating series of the truncated

Hisenstein series. We will choose an integer m sufficiently large. Then:

PROPOSITION 5.1: Assume that the real part of ( satisfies

Cr(@”) > mp(a¥),

for all @ € Ay. Then for { in a compact set and g in a Siegel set, the dominating
series of the truncated Eisenstein series is bounded by a constant multiple of

elH(g)w1) 4 o(H(g)w2),

Proof: Assume P} = Py. We write { = (yw; + (qwz. The following table gives
the value of €2(sCg), s¢ and the inequalities defining the set

{z: ¢2(sCr, Ho(z) — T) = 1}.
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S €2 | 8¢ (wl’H(x)) (wZ’H(x))
e + | Qw1 + Qowe <T <T
s1 |- | —Gwi+ (¢ + G)we >T <T,
s2 |- | (C1+ Glwr — Cows <T > T,
s281 | - | Cow1 — (C1 + (2)we <T >T
s182 | - | — (G + C)wi + Ciw2 >T <T
S0 + | —Cowr — GQiwe >T >T,

If we take m = 2 we see that the dominating series is itself bounded by a sum of
series
> fr(9.Cr)
YEPo(F\G(F)
for m; = m and a suitable my > 0. The conclusion follows from the previous

lemma. The case of a maximal parabolic subgroup is similar. |

Consider now the quasi-split unitary group U which fixes the Hermitian matrix
0 01
(54) c=|1010
1 00

Our task will be to obtain a formula for the integral of a truncated Eisenstein
series over U(F)\U(Fy). It is clear that the integral converges since the truncated
Eisenstein series is bounded and U is semi-simple. We would like to replace the
truncated Eisenstein series by Arthur’s second formula and compute formally.

We assume that the condition of the previous proposition is satisfied:
Cr(@Y) > mpy(a¥)

for all & € A;. To show that the formal computation is justified, we may replace
the truncated Eisenstein series by its majorizing series and show the majorizing
series is integrable over U(F)\U(F,). This will follow from the previous estimate

and the following lemma:

LEMMA 5.3: Let & be a Siegel set for G relative to the parabolic subgroup Fjy.
Then Gy = G N is a Siegel set for the parabolic subgroup PoNU of U. The

function

g — exp (H(g),ws)

is integrable over the Siegel set Gy of U.
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Proof: The intersection of Py with U is a maximal parabolic subgroup of U
defined over F with Levi-decomposition:

PonU=(MoNnU).(NoNU).

The first assertion follows at once. We denote by Hy and py the analogue of H
and p for the group U. We have, for i = 1,2 and u € U,

elH(uhwi) — o(Hu(u)pv)

The function on the right is clearly integrable over the Siegel set of U. |

6. Integral of truncated Eisenstein series: I

Let £ € S(F) C GL(n,E) and U = U, be the corresponding unitary group.
Since a truncated Eisenstein series is rapidly decreasing, it is integrable over
U(F)\U(Fa). Recall our task is to compute this integral (for n = 3). In this
section we study this question from a formal point of view. It is best to do this
in the context of GL(n). By the results of the previous sections, the computation
will be justified for n = 3. Thus we let € be an arbitrary invertible Hermitian
matrix. We let S¢ be the variety of matrices equivalent to {. We consider the
polarization map

(55) g—g-£-9°

from G onto S and the action of G

(g,8)— gsg”.

According to a result of Springer ([t.S]) the orbits of No(E) on S; have a set of
representatives whose elements are product of a permutation matrix of order 1
or 2 and a diagonal matrix. Thus if P is another standard parabolic subgroup,
each orbit of P in S admits a representative of this form. Of course, two such
matrices may be in the same orbit of P(E). It follows that

(56) P(ENG(E) = | JnuwTo(FNU(F),

where 7,, maps to w under the polarization map and

(57) T,, = ng' P(EYmw N U(F).
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The union is over a set of representatives w of the above type for the orbits of
P(E). We also introduce
(58) T, = P(E)Nn,U(F)n,t.

w

Thus T, is the stabilizer of w for the action of P on S.
Let ¢ be a continuous function on N(Ex)P(E)\G(E,). Set

(59) g = Y, ¢(r9)

YEP(EN\G(E)

For the moment we assume that the series

Yo 1)l

YeP(EN\G(E)

converges absolutely and is integrable over U(F)\U(Fy). In particular, the
following formal computations are justified. We compute

(60) / O (u)du.

It is equal to

(61) > du | Bltnuu)dt.
w Y TL(FA)U(F4) Tw(F)\Tw (Fa)

The group T, need not be uni-modular; thus in the above integral, dt is the
left invariant measure on T'(Fj); after integrating over ¢ the resulting function
of u transforms under the module of the group T, and du denotes a linear form,
invariant on the right, on the space of functions transforming on the left under
this module. In this section, our task is to find which elements w contribute
effectively to this sum. The result (Proposition 6.1) is similar to a result of
Arthur-Langlands giving the scalar product of a truncated Eisenstein series in-
duced from cusp forms with itself: if the Eisenstein series is constructed from a
parabolic subgroup P then, a priori, all associate P; of P and all double cosets
P\G/P;j contribute to the scalar product formula; however, it is found that all
only the double cosets with a representative in Q(a;, a;) contribute.
Fix a w and set

0(9)=’9=w'g lwh.

Thus 0 is an automorphism of order 2 of G (defined over F when we regard G
as an F-group by restriction of scalars) and the group of fixed points of 8 is U,,.
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In particular, P is a semi-standard parabolic subgroup of G equal to wPw™!
and g is in T, if and only if g is in P N® P and, in addition, g = 6(g). We let
P = M N be the Levi decomposition of P with M O M. Then

op =% M°N = (wMw™!).(wNw™)
is the Levi decomposition of P with M D M. We recall standard results on

the intersection of two parabolic subgroups:

LEMMA 6.1: The group
V=(Mn°PN) (Nn°M) - (Nn°N)
is a unipotent subgroup. The subgroups
Nn®N, (Nn®M)-(Nn°N), (Mn°N)-(Nn°N)

are normal subgroups of V. The commutator of an element of M N ° N and an
element of M N N is in NN ®N. Finally V = §(V) and we have a semi-direct
product:

PnlP=(Mn°MV.

In particular MN % P is a parabolic subgroup of M with unipotent radical MNéN.

This allows us to have a simple description of T,,. We let V,, be the intersection
of T,, and V and similarly, we let M., be the intersection of M and T,,. Thus
M,, is in fact the group of points of M fixed by € and V,, is the group of points
of V fixed by 6.

LEMMA 6.2: We have a semi-direct product:
Ty = My Vy,

where M, is reductive and V,, unipotent. An element v € V is in V,, if and only
if it is of the form
(62) v = v10(vy Jujug,

where vy is an element of MN® N, and u; € NN °N is a solution of the equation
(63) u18(u1) ™! = 0(vy) Loy 10(ve )y,

and uy is an element of N N ®N fixed by 8. Moreover, given v, € M N N and
uy € NN °N fixed by 0 the equation (63) has a solution in N N °N and the
element v defined by (62) is in V,,.
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Proof: Let g bein PN °P. Then
g=mv, meMn®M, veV.

Thus 6(g) = 6(m)6(v). In particular g = 6(g) if and only if m = 6(m) and
v = 6(v). This establishes the first assertion.

Let us write v € V in the form
v = U1Vl
withv; e MN PN, v, € M NN, ue NN °N. Then
0(v) = 0(v1)8(v2)B(u) = B(v2)8(v2) " 10(v1)8(v2)6(u).
Now 6(vz) is in M N N and 6(ve)~16(v1)8(v2) in (M N ®N) - (N N ¢N). Now
suppose that v = 6(v). Then 6(vy) = v;. Hence we see that

v=u00(v)u

and
uf(u) ™! = 0(v;) " vy 0(vy)vy.
Conversely, let v; € M 1 N be given. Then

s = 0(vy) " w7 0(vy vy
isin NN N and verifies 6(s) = s~». Since # defines an automorphism of order
2 of the unipotent group N N ®N, there is an element u of N N ¢ N such that
s =uf(u)t.
Then
v =v10(v1)u

is fixed by 4. This concludes the proof of the lemma. 1

LEMMA 6.3: Let N,, be the group of points on NN N fixed by 6. Then

/ dvy / #(uzu10(vy)v1)dusg
MﬂaN(FA) Ny (Fa)

is an invariant measure on V,,(Fy). In this formula, duy is the standard Haar
measure on N,,(Fa), dv, the standard measure on M N° N(Fy), u, any element
of NN ®N such that the product u10(v1)vy is in V,,. After integrating over us,
the inner integral does not depend on the choice of u; and is indeed a function
of v| alone, which gives a meaning to the integral.
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Proof: According to the previous lemma, we can write every v € V,, in the
form v = u16(v1)v; with v; € M N 9N and w3 € NN °N such that u,0(u;) ! is
the commutator of v; and #;(v;). Furthermore, this decomposition is compatible
with the product in the sense that

(u10(v1)v1)(uzf)(v2)v2) = U39(’U1'l)2)(1)1’l)2),

as follows from the fact that the commutator of an element of M N °N and an_
element of * M NN is contained in NN §(N). Moreover, N,, is a normal subgroup
of V,,. The lemma follows from these observations.

There is a similar decomposition for the invariant measure on the quotient

Vi (F)\Vw(Fa). We are now ready to state the main result of this section:

PROPOSITION 6.1: Suppose ¢ is cuspidal on M. The integral

(64) / du / d(tnyu)dt
TL(FANU(FY)  JTuw(F)\Tw(Fa)

is zero unless w normalizes M. It is then equal to

(65) ¢(tn.,u)é(t)dt,

Fooiea™ )
T, (FANU(Fy) My, (F)\My, (Fy)
where 6 is the module of the group T,,.

Proof: We look at the inner integral; it has the form

/ o(tg)dt.
Tw(F)\Tw(Fa)

It can be computed as

/ §(m)dm d(vmg)dv.
Mw(F)\Mw (FA) VW(F)\VW (FA)
In turn, we look at the most inner integral:

/ d(vmg)dv
Vi (F)\Vy(Fa)

and use the previous lemma. Since ¢ is invariant under N(E,), the integral over

ug disappears and we are left with

d(vmg)dv = / &(v1g)dvs.

/vw(p)\vw(m MO N(EZ\MOP N(Ey)
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Now suppose ¢ is cuspidal on M!. Then the above integral is 0 unless MNéN =
{e}, that is, the parabolic subgroup MN?P of M is equal to M. This is equivalent
to MN°M =M or M C °M. Since °M is actually a conjugate of M, this is
equivalent to M = °M or wMw™! = M. This concludes the proof of the first
assertion of the proposition. The second assertion follows.

Remark: Mutatis mutandis, the above argument applies to any symmetric
space. Results of this type are stated in [JR] and [FJ}, [yF2] and [yF3]. The
discussion of the corresponding result in [yF2], although incomplete, is sugges-

tive and we have benefited from it.

7. Integral of truncated Eisenstein series: 11

From now on we take n = 3.

7.1 MAXIMAL PARABOLIC SUBGROUPS.  We now consider the parabolic P; of
type (2,1) and the parabolic P, of type (1,2). We set A; = {w;}. Then Q(a,,a,)
contains only one element s. We consider an Eisenstein series for P; say which

is constructed from a cuspidal representation = of My.

PROPOSITION 7.1: If T is sufficiently regular, the integral

/ AT E(u, 6, me)du
U(F)\U(Fa)

does not depend on T

Proof: By analytic continuation, it suffices to prove this when we can estimate
the dominating series of the truncated Eisenstein series. Then the truncated
Eisenstein series can be written as a sum of two terms

Y. b+ Y, 62(v9)

PL(ENG(E) P (ENG(E)

where 0; is invariant under N;(Ea) and cuspidal on M;. More precisely:
(66) 01(z) = d2(Cr, Ho(z) — T)elHerHog(),

(67) 85(x) = ea(sCr)pa(sCr, Ho(z) — T)el*s+P2Hal@ M (5 70 )p(x).

We recall that
#2(Cr, Ho(z) - T) =1
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if and only if
(wy, Ho(z)) < wi(T).
and
¢2(sCr, Ho(z) - T) =1
if and only if
(w2, Ho(z)) > wa(T).

As observed before, we can compute formally. We consider a set of representatives
for the orbits of P;(E) on the set of Hermitian matrices equivalent to 0. We can
choose for representatives matrices of the form £ = wa, with a diagonal and w a

matrix of permutation. For each such matrix £ we choose 7 such that

(68) "Ifatﬁg =¢.

Then the integral of 3 6;(yu) can be written as

(69) 0; (new)du.

‘ /n;‘Pi(E)neﬂU(F)\U(FA)

By the previous section, the cuspidality implies that the integral is zero unless w
normalizes M;. Here this means that w is in M;. Thus we need only to consider
&€ € M;. Now the element

Y =mneu
verifies
yo'y = €.
We now appeal to a lemma:

LEMMA 7.1: Fixi. Let £ be in M;. If g is any element such that

gotg =¢,

then
wi(H(g)) <0.

Proof: Using the decomposition G = G'Ag, we see that we may assume that
g € G1. Suppose i = 1. We have

exp(wi, H(g)) = |leagll ™",
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for some positive constant c¢. Now

go =¢'g L.

Since o i1s in K and € is in M; we get

llesgll = lleagall = lles ‘g~"-

On the other hand, writing ¢ € G; as ¢ = bk where b is a triangular matrix with
diagonal entries b;, we have
llesgll = 11(0,0,1)gl| = |bs],
_— 1 -
llea g1 = ll(x,%,b5)l > [bs| ™"
Thus |b3| > 1 and our conclusion follows in this case.

A similar argument applies to ¢ = 2. We have

exp(wz, H(g)) = [le2g A eagl| ™",
with ¢ > 0. From
go =¢'g!

we get
lle2g A esgll = lles g7 Aes’g |l

Writing g = bk as before, we get

lleag A eagll = |babs],

— —_ =—1--1 _
lesg™" Aes g Il = lI(x, %, by b3 )l > lbabs| ™"

Hence |bob3| > 1 and our conclusion follows as before. |

Thus if w;(T’) > 0 we find that the function 6)(n¢u) is actually independent of
T:

while 82(n¢u) = 0. Our conclusion follows. |

We set
(70) E(¢,m) = Z/e(c“"”"H("‘"))(b(nfu)du.
4
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Note that there are infinitely many terms and that the inner integral factors
trough an integral of the form

| o
taken over the adelic quotient of U; N M;. We recall that
M, =~ GL(2) x GL(1).

In particular, the integral is zero unless in the representation m = m; ® =g, the
factor ) is distinguished with respect to a unitary group in GL(2) (not necessarily
quasi-split) and the character 7, distinguished with respect to the unitary group
in one variable U;. In particular, 7y and w9 must be quadratic base change. Each
term in (70) is a linear form invariant under U(A). Moreover

(71) / AT E(u, ¢, 7¢)du = E(6, ).

Thus the right hand side is actually a meromorphic function of ¢ with singularities
contained in those of the Eisenstein series. It may be that each term in (70) has
an analytic continuation as well but we will not investigate the matter further.

7.2 MINIMAL PARABOLIC SUBGROUP. We now discuss the integral of the
truncated Eisenstein series attached to Pj.

LeEMMA 7.2: A set of representative for the orbits of Py(E) on the set of

Hermitian matrices equivalent to o consists of the matrices
81,82,80 =0
and diagonal matrices of the form
a = diag(ai, as, a3),

where —ayasas is a norm and the a; are in F* and taken modulo norms.

The truncated Eisenstein series is written as

(72) ATE(g,6,0)= ) Y 6,(59),

s€Q(a,) 5EP(E)\Go(E)

where

(73) 8,(9) = e2(sCr)p2(sCr, H(z) — TP HEN (M (s, ()g) ().
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We assume that (Cg,a¥) > m{pp,a") for a suitable integer m. Then we can
compute the integral of the Eisenstein series formally because the majorizing
series is integrable over U.

The integral of the Eisenstein series is now

(74) ;Z /U 0, (neu)du,

(F)ning * Po(E)ng\U(Fa)

where we sum over all elements £ of the previous proposition and we choose 7
such that the relation (68) is satisfied. We first consider the subsum correspond-
ing to the diagonal matrices.

PROPOSITION 7.2: The sum

Z Z /U 0s(nau)du

(FYmZ Po(E)na \U(F)
is actually independent of T

Proof: Note that if y = n,u then
Yo'y = a.

But for such an element we have the following result:
LEMMA 7.3: Suppose that
go'g = a.

Then for i = 1,2 we have w;(H(g)) < 0.

Indeed we have

go =a'g™!
and thus
(wi, H(g)) = (i, H(go)) = (wi, H('g™))
and one concludes as before. [ ]

Thus in the expression for 8,(n,u) the characteristic function ¢, is zero unless
s = 1 in which case it is one. This proves our contention. In particular the
contribution of these terms can be written as

(75) E(¢,m¢) = Z/e(<+p°‘H("°“))¢(nau)du.
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Once more the sum is infinite and the inner integral factors through an integral
over Uy (F)NMo(F)\UaNMo(Fy). Thus the integral is zero unless 7 = 7, @7oQ73
is distinguished with respect to the group U, N Mp; in turn, this intersection is
the product of three copies of the unitary group in one varaible U;. It will be

convenient to introduce the notation

§(m;) = / mi(u)du.
UL(F)\U1(Fa)

We take the volume of U (F)\U;(Fa) to be one. Thus this is 0 unless the char-
acter m; is distinguished (i.e is a base change) in which case it is 1. Thus E =
unless

6(m1) = 6(mq) = 8(m3) = 1.

Again (75) is a linear form invariant under U(A).

We will also set
6(m;, m;) =/ mi(a)m; (@) 'da.
EX\EX,I

Again, we take the volume of E*\E*'! to be one. We also use the exact sequence

1— BX\E¥ — E\EX 2R ¢

to define a measure on the idéle-class group of E. The integral is zero unless
mi(a) = m;(a),

in which case it is 1.

Note that 717273 = w and the character w is itself distinguished. Thus §(m;) =
6(mz) = 1, say, implies in fact §(m3) = 1. Likewise, the relation §(my,m) =
1 implies in fact 6(m3) = 1. Finally if §(m;) = 6(x2) = 1 then the relation
6(my,m2) = 1 is equivalent to m; = ms.

Now we give the contribution of the remaining £.

PROPOSITION 7.3: Assume T1 = wi(T) = wy(T) and write { = (1w + (awa. For
§ = o.we can take n; = 1 and the contribution is:

el +¢2)Ty

(76) 5(“1,W3)5(?T2)W X /¢(k)dk
—(¢14+¢2)Th

(77) +6(my, m3)8(m3) — / M(s0,7¢)é(k)dk
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where the integral is over K N U(Fy). For £ = s; we can take n¢ = sy and the
contribution is

G
(78) ¢ ) 6(7['1,71’2 /M 89, 20.12 )dk
e~ 0T
(79) e 6(my, m2)é(m3 /M (82, (C1 + G2)w2) M (51, () (k) dk
80 e—(G+)T 5 M .
(80) TGTa) 6(m, m3)é( / (82, Qiwa) M (8152, C)b(k)dk
Finally, for £ = sy we can take n; = s; and the contribution is
GaTh
(81) et m)a(m) x| M, Gun)o(bik
e—$2Th
) ~T—s(ram)atm) x| Msr (o Cohon) M(sa, QbR
e—{(G1+G)Th
(83) — ra) 6(my, m3)0(ma /M 81, Gaw1) M (s281, ¢)p(k)dk.

The integral
/ATE(u, ¢, m¢)du
is equal to the sum of the previous terms and

(84) 6(m1)8(m2)é(m3)=(6, 7¢)-

For clarity, we have suppressed the representation 7 from the notation in the
intertwining operators. Thus in (78) the intertwining operator should be written

as
M(SQ’ T(awa )

Likewise in (79) the operator on the left should be written as

!
M(s2’ (¢ +(2)W2)
where 7’ = 817 = T ® T ® 73.

Proof: Consider first the case of 0. Since 1, = 1 the contribution of ¢ can be

ZS: / s(u)du

written as
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We use the Iwasawa decomposition in U induced by the Iwasawa decomposition

of G to define a Haar measure. If

1 = 2+42%/2 aa 0 O
(85) u=|01 -7 0 m 0 |k,
0 0 1 0 0 a!

with z + Z = 0 and mm = 1, then
du = dxdzd* a;dkdm|a;|~2.
We also write this decomposition u = nak where

a= dia'g(a‘l, ma-‘ﬁ‘l)'

Then

(86) e2pv(Hy(a)) — la1|2 = ePo(H(a))
Also

(87) log|a1| = wi(H(u)) = wa(H(u)) =¢.

Recall we assume that T3 = wi(T) = wy(T). Referring to the table after
Proposition 5.1, we see that ¢9(s(r, H(u) — T) = 0 except for s = € and s = so.
Indeed, for s = s; for instance, the relation ¢2(sCr, H(u) — T) # 0 implies

T < wl(H(u)) = wg(H(u)) <7

and these two inequalities are not compatible.
After integrating over M} N U we get for the contribution of o:

¥4
(w1, m3)8(mz) / elGi+6alt gy / o(k)dk

+o0
+6(y, 13)6(2) / e~ (GHiadtgy / M(so,¢)e(k)dk
T1

which yields at once the required result.
We pass to the contribution of s;. It is equal to

(88) Z/du/&,(gszu)dg.

The inner integral is over the intersection

T = Py N soUsy
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This can described as the group of matrices of the form

1 2z 0 a100
(89) g=|lo0o10]).{ 0o a! o],
001 0 0 m

with 2+ Z = 0 and mm = 1. We remark that s,T's; ! is a subgroup of P, N U.
We take for left Haar measure on T the one defined by

dg = dzdmd* a;|a;| L.
Thus we have forg e T
wz(H(g)) = 0,
po(H(g)) = wi(H(g)) = loglai| = ¢,
H(gsou) = H(g) + H(s2u),
w1 (H(gs2u)) = wi(H(g)) + wi(H(s2u)).
Recall

0,(gs2u) = €2(sCr)p2(5CR, H(gszu) — T)elt¢HeoHlae2) M (s, ¢)p(gsau).

Since y = gsqu verifies

yo = s 'y?

we have, as before, wy(H(gsju)) < 0. Referring again to the table after
Proposition 5.1, it follows that

#2(sCr, H(gs2h) —T) =0

unless s = e, 81, $182. Moreover, for these terms one of the two inequalities which
define ¢, is vacuous. Consider thus the term s = e. Then

62(Cr, H(gsu) = T) #0

if and only if
wi1(H(g)) £ T1 — wi(H(s2u)).

Integrating over the group T we get

Tl—wl(H(.hu))
6(7r1,7r2)6(1r3)/du/ et dte(Crr+Gawateo Hisau)) g (g0,

-0
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This becomes

eaTh
6(71’1, 7['2)6(7!'3) Cl

/ e((ng +p0 yH(”“))(ﬁ(SQU)du-

To continue we remark that s;T's; ! is the group of matrices of the form

a; O z
0 m O
0 0 a’

Thus, to integrate over U modulo this group as we must, we can use the following

system of coordinates:

1 -F z%/2
u=] 0 1 z k
0 0 1
and then
du = dzdk.

In view of the invariance of ¢ under Ny we see that the inner integral becomes

e

8(m1, ma)8(m3) / e(Gawatpo Hisank)) (oo kY dodk

where
1 00
n= 01 =z
0 01
Thus the integral in n can be interpreted as an intertwining operator and we
obtain the first term of the contribution of s;. The other terms are obtained in
a similar way.
Note that all the terms in the previous proposition, with the possible exception
of Z, are meromorphic functions of {. It follows that the same is true of = as

well. Again, it may be that each term in (75) is meromorphic as well.

7.3 SINGULARITIES.  We now analyze the singularities of each term in the
previous proposition. If §(mq, 73) = 6(my, m3) = (2, 73) = O the integral is zero
unless

8(my) = 8(me) = 8(m3) = L.

It then reduces to the term Z(¢, m¢) whose singularities are thus contained in the
singularities of the Eisenstein series.



Vol. 89, 1995 CONTINUOUS SPECTRUM 47

Now assume that
(5(71'1,7['3)5(71’2) =1.

Consider the sums of all terms with a singularity on the line {; + (3 = 0: (76),
(77), (80), (83). We first claim that the sum of (77) and (83) has no singularity
along the line {; + {3 = 0. Indeed, on this line, we have (;w; = $951¢ and thus

M (so,¢) = M(s1,52810) M (s251,() = M(s1,{aw1)M (5251, ().

Thus the singularities do cancel. Consider the sum of (76) and (80). Suppose
that m; # w3. This is equivalent to §(m;) = 6(m3) = 0. Then all the other
terms in the expression for the integral of the truncated Eisenstein series vanish
(including Z). Thus the sum of these two terms must have no singularity on ia*.
In particular, it follows that

/ o(k)dk = / M(s3, Guon) M (515, () (k) dk

along the line {; + {3 = 0. Again we have

M(sp,¢) = M(sa, s152)M(s152,().

Along the line {; + (2 = 0 we have s182( = (yws. Thus the above identity can be

written

(90) [ ot = [ 50, 000k

Equivalently, we can write the sum of (76), (77), (80), (83) in the form

(G H)Ty _ = (G+C)Ty
G+6G

where F is a smooth function (of slow growth) on ia*.

(91)

[ o+ eererm g

Now suppose that 71 = 73. Thus §(m;) = §(n3) = 1. We claim that
M(s0,¢) = ~1
along the line (3 + (2 = 0. Indeed,
M(s0,€) = M(s1,52810)M (52, 5:() M (s1, ().

However, s251¢ = s1( since {3 + {2 = 0 and s28;7 = s17 since m; = m3. It follows

from the properties of the intertwining operator on GL(2) that

M(s2,81() = -1



48 H. JACQUET Isr. J. Math.
and
M(So, C) = —M(Sl, SZSIC)M(SI, C)

Using again the fact that s251¢ = s;¢ and s25,7 = 817 we find this is
= =M(s1,510)M(51,¢) = ~M(s,¢) = - 1.
On the other hand, from the functional equation of the Eisenstein series, we get

E(z, M(so, (), ¢) = E(z, 6, ()

and it follows that the Eisenstein series vanishes along the line (; + (; = 0. Note
that in this case the singularities of (76) and (80) do not cancel but double.
We now assume that

6(my, mo)b(ms) =1

and consider the sum of the terms which have a singularity along the line {; =
0: (78) and (79). Assume first 71 # m2. Then 6(m;) = 6(m2) = 0 and all the other
terms vanish including £ and we conclude that the residues of the two terms
along the line ¢; = 0 cancel, that is,

/M(S2,C2w2)¢(k)dk= /M(Sz,Czwz)M(sl,Czwz)fb(k)dk-

Equivalently, we can write the sum of (78) and (79) in the form

S _

-
= / M(s3, Cuon) (k) dk + e~ F(C)

where F is a smooth function (of slow growth) on ia*.

(92)

If, on the contrary, m; = w2, then §(m) = é(m2) = 1 and on the line (; = 0
we have s;¢ = ¢ and s;m = . It follows that M(s;,{) = —1 and again the
Eisenstein series vanishes on this line. Again in this case the singularities do not
cancel but double.

A similar discussion applies to the case where

8(mg, m3)b(m) =1

and the remaining terms.

We summarize our discussion as follows.
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PROPOSITION 7.4:
(i) Suppose that
6(7!'1) = 5(7!'2) = 6(7['3) =1

but not two of the characters m; are equal. Then the integral of the trun-
cated Eisenstein series reduces to Z and in particular has no singular line
on ia*.
(ii) Suppose that
6(my) = b(mg) = b6(m3) =1

and at least two of the characters are equal. Then the product of each term

in the previous proposition by

(93) W(¢27 WC)

is a smooth function of slow growth on ia*.
(iii) Suppose that §(w;) = 1 but é6(n;) = 6(m¢) = 0. Then E = 0. All terms
vanish unless
6(71'];, 7l'k) =1.
Then the integral of the truncated Eisenstein series can be written in the

form ) .
CET _ p=(¢.8)Th

(¢ a)
where A and B are smooth functions of slow growth on ia*. Here & is
the coroot attached to the root ay + az if {j,k} = {1,3}, the root a; if
{7,k} = {1,2}, the root ay if {j, k} = {2, 3}.

In all other case, the integral of the truncated Eisenstein series is 0.

A(Q) + e~ T B(()

Proof: By a smooth function of slow growth on ia* we mean a smooth function
whose derivatives of all orders are at most of polynomial growth. We have seen
that the matrix coefficients of the intertwining operator are smooth functions of
slow growth. Thus the only point which remains to be verified is (ii). Assume
that

6(7‘[’1) = 6(71'2) = 6(71’3) =1
and say
T = Tg = T3.

Consider the terms other than =. Each term has only one singular line which

intersects ¢a*. On such a line the Eisenstein series vanishes. Thus our assertion
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is satisfied for each term different of =. Since the Eisenstein series itself has no

singularity on ia*, the assertion follows for the term = as well. |

8. Spectral contribution

In this section we obtain the spectral contribution of each parabolic subgroup.

8.1 MAXIMAL PARABOLIC SUBGROUPS. We now consider the spectral
contribution of the parabolic subgroups P; of type (2,1) and P of type (1,2).
Let x be a cuspidal datum for these parabolic subgroups. Thus x can be viewed
as a cuspidal automorphic representation of GL(2) x GL{1) and defines repre-
sentations 7 of M}, i = 1,2. Recall the corresponding Eisenstein series gives no

residue.

PROPOSITION 8.1: We have

/ Ky (u,n)duf(n)dn =y / Y E(Ip.(n¢, £, m )W (@, mc)dIC].

P, Y8 g

Furthermore, the sum

S5 [ [ an e, 6,70 W @m0 did
x P ¢

is finite.

Proof: It is understood that in these formulas, the representation = is deter-
mined by x in the sense that (P;, M;, ) belongs to the class y. We first prove
the last assertion. As we have seen, there is Ty (independent of f and x) such
that

(¢, m¢) = /AT°E(u, ¢, m¢)du.

Thus the expression we have to estimate is

S5 [ |3 [ A7 B . re, 36,700 ) el
x P; [

Our assertion follows from the basic majorization (23).

The first assertion follows similarly from Proposition 2.5.



Vol. 89, 1995 CONTINUOUS SPECTRUM 51

8.2 THE MINIMAL PARABOLIC SUBGROUP. We pass to the contribution of
the minimal parabolic subgroup Py = MyNy. A cuspidal datum is then a triple
of characters of G}, x = x1 ® x2 ® x3, defined up to a permutation. In addition
X1X2X3 = w, where w is fixed and a base change. By Proposition 2.5, if T is
sufficiently regular,

/Kx(u n)8(n)dudn = /ATKX(u,n)H(n)dudn

=n(ao 5 [ ([ 7Bt e, 116, 0 ) WG meIac,

The sum is over all permutations 7 = m @ 72 ® 73 of the given triple x. We have
written Io(m,) for the induced representation Ip, (7). We recall that n(A4,) = 6.
We may further assume that w1 (T) = wo(T) = T} as in the previous section.

PROPOSITION 8.2: Assume that f = fi x f5 where the functions f; are K-finite
and f3(g) = f2(g~Y). Suppose that §(x;) = 1 fori = 1,2,3. Then

/K (u, n)dub(n Z/Z E(Io(m¢, f1)8, 7 )W (I(me, f2), m¢) d[(]-

Furthermore, if we sum over all such triples x then

|
S5 [ | sthtre o n Wil 770 d

is finite.

Proof: Suppose that not two of the characters x; are equal. Then

for ¢ # j. Thus the integral of the truncated Eisenstein series reduces to the term
= and we can argue as in the previous case. In particular, the contribution of
these triples to the sum with the absolute values is finite. Now suppose that the
three characters are equal so that 3 = w. Then

| S ATB(w, T, £)6, 7)o, 7
¢

is the sum of

E(Lo(m¢, f1), 7 )W (Io(m¢, f2)é, 7¢)
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and 8 other terms. For instance,

-G+ ()
C1+ ¢

where

h(z) = /ZM(SO» m) (¢, f1)9(k)dk W (Io(m, f2)8, m¢).-
¢

On ia* the function h(({) is a Schwartz function. Since the Eisenstein series
E(y,¢,m;) vanishes on the line {; + {; = 0, so does h. Thus the quotient
h(z)/(¢1 + ¢2) is again a Schwartz function. In particular, it is integrable and
its integral against the exponential factor tends to 0 as Tj tends to infinity. We
obtain then the first assertion of the proposition, plus the fact that, for a given

triple x, the sum

Z/ IO(WC f1)¢’WC)W(IO(W(’f2)¢v7TC) dKl

is finite. Since there are only finitely many triples x = x1 ® x1 ® x1 for which
Io(m¢, f1) # 0 and x3¥ = w, their contribution to the infinite sum is finite.

We now consider the case where two of the characters are the same, say x; =
x2 # x3- Thus 8(x1,x2) = 1 and §(x3) = 1. On the other hand 6(x1,x3) =
8(x2, x3) = 0. We obtain again the first assertion of the proposition. We have to
show that the contribution of these triples to the sum with the absolute values
is finite. We consider for instance the contribution of the 7 of the form m; = x;.

We can write

E(Io(m¢, fr)¢, 7 )W (Lo(7e, f2)@, 7¢)

(94) = /ATE(U, Li(f1)¢, ne)duW (Io(7¢, f2)o, 7¢)

e&tTh

(95)— /M s2, Gwa)Io(me, f1)d(k)dk W (Io(m¢, f2)o, 7¢)

—ClTl

/ M(sa, (Co + Co)w2) M (51, ) o(me, £)d(k)ak W (To(mc, 72)8 7).

We have already observed many times that the expression

\
Z/ Z/ATE(U, I()(TI'C, f1)¢, Wc)du W(IO("rC»f2)¢7 ﬂ‘() dlCla
w ¢
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where we sum over all 7, is finite. Thus it suffices to prove the analogous assertion
for the two remaining terms. For the second term say, this amounts to proving
that

|
(%) 3 / Clgj / M (52, Cowa) o(me, f1)6(k)dk W (To(me, f2)é, 7o) diC]

is finite; the sum is over all w of the above form. From Proposition 3.3, for f,
fixed with a given K-type, we have a majorization of

W (Io(m¢, f2)d,7¢)

and its derivatives. Since the function vanishes on (; = 0 we get a majorization
of the quotient of the form

W (Io(m¢, f2)o, m¢)
1

On the other hand, we have

< OO+ IS ™9

< o(me, fo)lls

/ M(sa, Gowz)lo(me, f1)b(k)dk

where the norm is the operator norm on the space of vectors with a given K-type.
Thus the expression (96) is bounded by the dimension of the K-type times

000 [ Matre, sl +gIPy™ i

In turn, the norm of the operator is bounded by the norm of a suitable matrix
of the form

(/ fulks 1"aka’)dnx(a)e(”(")‘“mda)
AoNo
where k; are points in K. It follows from abelian harmonic analysis that

W /

is finite. Qur assertion follows. 1

/ F10k " nak;)dnx(a)eH@€=P) dal (1 -+ |||2)m0d)q|

We may further simplify the result of Proposition 8.2. To begin with, the
expression in the Proposition may be written

[ X aatre om0 W@ mdc

$EBo ()
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We claim further that this expression does not depend on the choice of 7 in the
class of x. Indeed, there is nothing to prove if all the characters x; are equal.
Suppose on the contrary that not two of the characters are equal. Then, for T
suitably regular,

(o, m¢) = /ATE(u, @, mc)du.

It follows from the functional equation of the Eisenstein series that

E(¢7 71’() = E(M(s7 W()QS’ 37rs()
and
W(g,m¢) = W(M(s,m¢)g, smsc)

for any s. Thus

Z E(IO(W(’ L2 WC)W(¢3 WC)dICI

¢€Bo(7)

= [ 3 Sllulsmac, 1M (s, 7006, smu ) W T, 700 7o)l
¢E€EBy(7)

Since M (s, 7¢)¢ is an orthonormal basis of H°(s7) the inner sum can be rewritten

as

Z E(IO(SWSC’f)¢a SWSC)W(d)’ S7I'3<).

PEBy(s7)
When we integrate over { we may take s for variable to obtain our assertion.
If two of the characters are equal let us set

O (¢, m¢) = E(ym¢) — / ATE(u, ¢, m¢)du.
As we have seen, the integral of

Z OT(IO(r(a f)¢a WC) W(¢a 7['()
¢
against d|¢| tends to 0 as T tends to infinity. Likewise, the integral of
= Z OT(I(S”TSO f)é, Sﬂ's()w((ﬁa s”TsC)
PEBy(s7)
against d|(| tends to zero. It follows that the difference
Y. Sl )W (g, 1)~ D, Elostic)d, smu)W (@, 57ec)

$€Bo(m) $€Bo(s7)
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has a zero integral against d|{|. Thus we arrive at the same conclusion as before.
We now consider the case where two of the numbers 6(x;) are zero. We fix a
representative y in the class. Say

6(xa) = 6(xs) = 0.
Then the integral of the truncated Eisenstein series is zero unless

é(x1,x3) =1, b(x2)=1

We have also
X1 # X3

and

6(x1, x2) = é(x3,x2) = 0.
Indeed if one of these relations is not satisfied then é(x1) = 6{x3) = 1. At this
point we must pay attention to the choice of the measures. The space a has a
metric invariant under (a); its dual has the corresponding metric. The Haar

measure on ¢a* or a subspace is the one associated with the metric. In particular,

we will denote by C the common length of the coroots.

PrOPOSITION 8.3: Under the above assumptions we have
/Kx(u, n)duf(n)dn
(97) =27C~!
09 x [ 5 [ Il )60 Fllxe, 70 x0dK
G+2=0gepBp (x) Ky

Here Ky = K N U(Fy). If we interchange x3 and x1 the above expression does
not change. Furthermore the following sum, taken over all such triples ¥, is finite:

Z/C ¢ Z/IO(XC>f1)¢(k)dkW(IO(XC,f2)¢,C) dicl.
X 1+¢2=0 P

Proof: The proof of the last assertion follows again from the estimates on the
Eisenstein series. To prove the first assertion we consider first the contribution
of the representation 7 = x. It can be written as

S [ Tolxc £)6k)k W, Ty Xl
¢

/‘ e+ _ o= (G+6)Th
(G + )

+/e-(4n+Cz)T1 F(¢)d¢|
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where F is a Schwartz function. The second term tends to 0 as T tends to

infinity. For the first term we apply the limit formula

eiT<AL> _ o—iT<A(>

lim F(Q)d|¢] = 2i|\[ ™ / F(Q)d(C],

T—+oo < A,C > <A, (>=0

which is valid on any Euclidean space, for any Schwartz function F. We find this
contribution is equal to (98) times 27C 1.

Now we claim that the terms corresponding to 7 = x; ® x3 ® x2 actually give
the same contribution. Indeed this contribution can be written as

G ,—0T W (Ia(7r. £)b)
/e—?le__Z/M(SmCzwz)lo(ﬂcaf1)¢(k)dkw(10(7r<’f2)¢)d|C|
¢

+ / ST P(C)d(]

The second term tends to 0 and the first term tends to 27C ! times

[ 3 Mtsamoatre, )60k PTG, £33l

¢

Now, by the functional equation of Eisenstein series we have

W(IO(WO f2)¢v ﬂ.C) = W(IO('S?WSz(v f2)M(323 W()¢’ 3271'32()'

However, here som = x. Hence our expression is also

/ OZ/Io(ch,f1)M(52,7f<)¢(k)de(Io(xszc,fz)M(Sz,Wc)fﬁ, Xs2¢)d[C]-
=07y

Consider the integrand, for a fixed ¢. Since the intertwining operator is unitary,
M (sq,m)¢ is an orthonormal basis of the space H(x). Any basis will give the

same integrand. Thus our expression is equal to

S [ Tolescs )R o, 1 xor )
¢

Using s2( for new variable of integration we arrive at (98).
The term corresponding to @ = x2 ® x1 ® X3 gives the same contribution.
Exchanging y; and x3 we now compare the contributions of the representations

T=x1®x2® x3 and 7’ = x3 ® x2 ® x1. We recall that for ¢ € By(w) we have

/ (k) dk = / M(s0, 7 )b(k)dk
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on the line (; + (2 = 0. We have also

W (M(s0, 7¢)d, Somsec) = W(g, 7).

As before it follows that the contribution of 7 and #' are the same. Thus in fact
all the permutations of x give the same contribution. Since n(A4g) = 6 we are
done. |

Under the assumptions of the proposition, consider a { € ia* such that
¢1+ (2 = 0. For ¢ € H3(x) set

dc(g) = d(g)eléHeoH @),

The subgroup Py = PyNU is a parabolic subgroup of U. Then, for p € Py,
9 (pg) = e®ero-Hru 9,

It follows that
(o, mc) = oc(k)dk = o(k)dk
( C) /U c( ) /U (k)

is a linear form on the space of the induced representation Ip(m¢) which is
invariant under U(Fa). Thus we may write the result of the previous
proposition as

(99) /< on ¢€B§PE(X) /K B DTG x|

8.3 CONCLUDING REMARKS.  We have thus reached the goal we were aiming
at, namely an absolutely convergent formula of the form (13). Recall f is a
K-finite function which is itself a convolution product of two K-finite functions.

We have denoted by K¢ and Kysp the geometric and cuspidal kernels determined
by f and found for the difference

/ Kg(u,n)dub(n)dn - / K cusp(u, n)dub(n)dn
the following expression:

Y[ X ethotwe, 16,7 Wm0

x P d€By(m)

Here we sum over all cuspidal data x. For each P we choose a suitable represen-
tative (P, M, 7) in the class of x. We sum only over those x such that the induced
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representation Ip(7) (which is itself induced from cuspidal representations in the
terminology of [AC]) is Galois invariant. For such a x, we denote by Z(.,m¢)
an appropriate invariant linear form on the space of the induced representation
Ip(m). The inner sum is over an orthonormal basis of the induced representation
and the integral is over the space ia* or the one dimensional subspace defined by
¢1 + (2 = 0. Finally, the above expression is absolutely convergent in the sense
that

ZZ/ > E(o(x¢, £y m) W (g, )| dC) < +oo.

P #E€Bo()
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